Abstract The molecular density functional theory of fluids provides an exact theory for computing solvation free energies in implicit solvents. One of the reasons it has not received nearly as much attention as quantum density functional theory for implicit electron densities is the paucity of basis set expansions for this theory. This work constructs a minimal Hilbert space version of the Ornstein-Zernike theory over the complete spatial, rotational, and internal conformational space that leaves the choice of basis open. The basis is minimal in the sense that it is isomorphic to a choice of molecular property space (i.e. moments of the distribution), and does not require auxiliary grids. This can be exploited, since there are usually only a few 'important' properties for determining the structure and energetics of a molecular fluid. Two novel basis expansions are provided which emphasize either the multipolar expansion (most useful for flexible molecules) or the rotational distribution (most useful for rigid bodies described using quaternions). The perspective of this work also shows that radial truncation of the Bessel series over translation space determines an analytical extrapolation of these functions to the origin in reciprocal space.
Introduction
In this work, we show that a full expansion in terms of local, molecular fields is 'dual' to a basis expansion of the density function. The duality between these two approaches is exactly that between a distribution and its moments, and is a special case of the moment problem in classical probability theory. [15] Hence, the rotational invariant expansion of Blum [8] is only a particular choice which is best used to describe multipole moments of a rigid molecule. We provide two examples of moment spaces which use this transformation to eliminate rotational density space in favor of observable molecular properties.
The connection to moments of the density distribution was was implicit in the original spherical harmonic expansion of Blum, [8] but seems to have been first used effectively by Sluckin. [38] Nevertheless, the spherical invariant expansion has been the framework adopted by most later works. Interestingly, many of those later works find convenient expressions in matrix form. [7] When using general potentials, Fries and coworkers noted there were difficulties associated with carrying out six-dimensional angular integrals (over rigid-body rotational degrees of freedom). [21] More recent works have shown the usefulness of expressing the translational part of the Ornstein-Zernike (OZ) equation in a Cartesian grid basis. [22, 27, 23] Recent work by Borgis and collaborators [34] has shown the usefulness of coarsening the rotational distribution into a spatial dipolar polarization density. Those works outline a path between the spherical invariant and spatial number and dipolar density representations that makes it possible to phrase solvation thermodynamics entirely in terms of latter, at least for the Stockmayer fluid. Its application to liquid water has turned out to be very successful, [44] motivating extension to higher orders. [24] The mathematical motivation for this re-phrasing is the relative difficulty of working with probability distributions over molecular position and conformation space, x = (r, q, s) ∈ Ω 1 ≡ R 3 × SO(3) × S, where r is the center of mass location, q is a unit quaternion describing the orientation, and s ∈ S describes all internal coordinates. The set S is an arbitrary space of internal molecular coordinates. In applications, the space of distribution functions over Ω 1 is usually truncated to a finite number of basis functions. Thus, it is natural to look for physically motivated transformations of those basis functions that give more insight into molecular structure.
By following this idea through, we show how existing literature on one-component fluids of spherical particles can, in most cases, be lifted to a matrix notation valid for molecules with internal and rotational degrees of freedom. This opens new ideas for analytical and numerical investigations. Important potential application areas include examining the density-dependence of dielectric effects, [31, 33, 17] simplifying models of solvation [6, 30, 42] including Casimir (density fluctuation) forces, [11] and extending dynamic density functional theories. [2] This work is divided into sections presenting I,II) the linear transformations between traditional projections of the 1-particle density onto a basis and field equations for average molecular properties, and III,V) a formulation of OZ and classical fluid density functional theory (DFT) directly in molecular field space. Section IV presents two alternative basis expansions -multipolar moments appropriate for general molecules and a quadrature basis for distributions over quaternions appropriate for rigid bodies. A complete application is presented in Sec. VI, where we recover in a few steps the mean-spherical approximation for dipolar hard spheres and then show how it can be adapted to investigate Casimir forces in fluids of polarizable point dipoles. These simplifications are possible because both the OZ and DFT equations are replaced by matrix multiplications and inversions (and a matrix logarithm).
Problem Statement
The usual perturbation theory is most easily stated by defining functionals,
where Φ(x) is a (real-valued) function of the coordinates, x, of one molecule andρ(x) is the instantaneous number density of molecules at point x (a function of the microstate). For precise definitions, see Sec. 2.1. Single-brackets denote an average over the Grand-Canonical ensemble, and double-brackets indicate the inner product,
Then, since Eq. 1 is a moment generating function forρ, the 1-particle density is its first cumulant,
Thermodynamic integration then provides a method for calculating the density response to 'charging' Φ λ as λ smoothly changes
It is usually the case that the pair potential can be decomposed into relative translation and internal coordinate-dependent parts,
M is some vector-valued function of the molecular conformation, φ : R 3 → R M is a vector-valued potential, and ∼ denotes convergence with increasing expansion order, M . In this case, we can work out conditions where ⟪Φ,ρ⟫ = ⟪φ,F ⟫ ,
which explicitly uses the field density of molecular observables, f ,
The new inner product uses the obvious definition,
where z † denotes the complex-conjugate transpose of z. Because of this equivalence, we abuse notation to write
It is equally valid to write thermodynamic integration in terms of the "molecular field," F (r|φ) = δ log Z[φ]/δφ(r),
Providing a useful transformation between the first and second versions of the perturbation theory giving the integrand of Eq. 8 is the motivation for this work. These relations are then used to define a density-operator algebra and to re-state the OZ and DFT theories in moment space.
Technicalities
We use a hybrid between statistical mechanical and measure theory notation. The grand-Canonical ensemble is defined as a probability space over microstates, Ω = {(n, {x}
We always use the sigma algebra for measurable subsets of Ω without mention. Most integrals with respect to its probability measure, dν GC , are written using conditional average notation,
for the average of a measurable function,f : Ω → R, in the GC ensemble using a nonnegative weighting function, Ψ A (A(ω)), on configuration space. The function Ψ A is inferred from the type of A. If A is a subset of configuration space (in the sigma algebra generated by Ω), then Ψ A (A(ω)) is the characteristic function which is one when ω ∈ A and zero otherwise. If A is a 1-particle potential energy function (scaled by −β = 1/k B T ), then Ψ is the exponential, Ψ A (A) = exp(⟪A,ρ⟫). Of course, this assumes the denominator is bounded and nonzero. Boundedness is guaranteed for potential functions A ∈L exp (ν GC ), the convex set of Orlicz-class functions with N-function e |x| − |x| − 1. [35] In most computational applications, the function spaces for pair potential energy functions and 1-particle densities are isomorphic to a finite-dimensional Hilbert space. This will be the general setting of the current work. We also leave out explicit proofs on convergence of functions in the density, moment, and potential spaces, as well as the existence of solutions. Many of these questions can be answered using known results from the theory of Orlicz spaces, L exp . [29] They are Banach spaces of functions generated by linear combinations of functions inL exp with a suggestive norm, [3] Also, we define a scaled integration measure, dx = drdqds so that dr = V , the system volume, and dqds = 1 includes whatever normalization is required for SO(3) × S. If q = [sin ψ sin χ sin θ, sin ψ sin χ cos θ, sin ψ cos χ, cos ψ] T is represented as a unit quaternion on the 3-sphere, S 3 , then dq = sin 2 (ψ) sin(χ)dψdχdθ/2π 2 . The 1-molecule density in Eq. 3 is equal to
is a family of measurable functions parameterized by x. Used in this way, δ(x, x ′ ) projects the 1-molecule Grand-canonical probability distribution into H trs ⊗ H conf . The 1-particle biasing potential is related to the excess chemical potential of a solute in the following way. If the potential energy change for inserting a molecule in configuration y ∈ Ω 1 is the pairwise sum of 2-body interactions,
then it should also be expressible as an instantaneous interaction energy with a field, ⟪Φ y ,ρ⟫ ∼ −β∆Ê y .
The convergence indicated by ∼ is replaced with equality when U 2 (x, y) -considered as a function of x -is a member of the Hilbert space. The excess chemical potential converges to the integral over solute configurations,
The inner average is commonly referred to as βµ ex (y; N, V, T ) ≡ − log Z N [Φ y ], the test particle insertion free energy for a solute frozen in configuration y. For particle insertion in a homogeneous, isotropic solution, µ ex (x) = µ ex (s) is independent of r, q by symmetry. The use of the hat notation for random variables is appropriate here since, for example,n(ω) = n is formally a function which assigns a number to each microstate ω just as an operator in quantum mechanics represents a classical observable by a diagonal matrix indexed by ω. For ρ, F , and ∆E, we remove the hat when an ensemble average has been taken -for example in ∆E = ∆Ê . For all variables other than ∆E, we use the notation ∆X ≡X − X to denote the difference between the instantaneous and ensemble average values (using dν GC ) of a random variable,X.
Transformation Between Formalisms and Convolution Algebra
The two formalisms are of course related by the requirement that the field be the average of the distribution,
. This is a direct consequence of the definition in Eq. 6. Thus, a perturbation theory for ρ can be used to find one for F .
We prove in this section that the correspondence is actually one to one whenever a finite basis is used to represent the distribution over conformation space as a function in the Hilbert space, H conf . This finite basis then determines the property vector, f , up to linear transformation. Obviously, this requires that the density basis for H conf have dimension, M , equal to that of f . The key relation is given by,
The overbar denotes complex conjugation, although we almost always work with real φ, f . Note that Eq. 16 implies Eq. 5, which proves both operators, ∆Ê, and the corresponding free energy functionals, Z, are equivalent. To prove our assertion above, we must show the validity of Eq. 16 and that the translation from ρ to F (Eq. 6) can be inverted to find ρ from F again. Since an M -dimensional basis for density functions, ρ, implies a choice for the reproducing kernel,
we can make use of the fact that the span of δ(q, s; q ′ , s ′ ) traces out the M -dimensional Hilbert space, H conf , and write its orthonormal basis as
Eq. 16 is then proved directly by writing the reproducing kernel as the resolution of identity,
Substituting Eq. 18 into Eq. 16 and comparing to φ † f gives the identifications,
for any invertible, M × M matrix, A.
To find ρ from F , insert Eq. 18 into Eq. 17 to find,
The last step follows from Eq. 6 and the fact thatF i (r) ∈ H trs , the Hilbert space of functions with reproducing kernel, δ(r, r ′ ). The above considerations show formally how OZ theory on density space corresponds exactly to a "molecular OZ" theory on moment space because both are built on the same perturbation expansion of log Z, and an invertible linear transformation to moment space can be constructed for any space of density functions which admits a convergent basis expansion.
The isomorphism is exhibited by the change of basis in Eqns. [19] [20] . In this representation, convolution is represented as matrix multiplication in the operator algebra over H trs ⊗ H conf generated by,
which is isomorphic to,
when c is an energy-type function and ρ 2 is a density-type function,
Note how the result of Eq. 23 is of 'mixed type.' In the reproducing kernel Hilbert space context, we can cheat and insert the change of basis f (q, s) = (AA † )u(q, s). However, the difference in types will likely be important for convergence of inner-products between energy-type and density-type functions.
The inner product can be extended to operators by defining a star operation which takes the conjugatetranspose of each matrix and interchanges source and destination points (i.e. R *
, and a trace operation,
so that
Symmetry on interchanging source and destination points makes all pairwise operators selfadjoint, satisfying C = C * . These extensions are helpful when formulating a complete theory using U 2 from Eq. 13. Treating multi-component solutions by adding an index for each molecule type is a trivial extension.
Working in moment space usually simplifies the energy expressions considerably. For pair energy functions of the form,
the average pair interaction energy is,
where we have used the traditional total correlation function,
It must be noted that h is not in
is. This makes it more natural to treat R * H * R as a single entity as in Eq. 32, where R is some matrix (discovered below) representing the single-particle density.
Finally, to relate Eq. 4 to Eq. 8, we define the field-field correlation function as,
identifying the self-terms,
In our notation, the rows of Q correspond to the numerator and the columns to the denominator. These are density-type functions, so Eq. 26 applies to transform between Q, R * H * R, R and ∆ρ(X)∆ρ(X ′ )|Φ , ρ 2 h, ρ 2 . Using this transformation in Eq. 8 verifies that the response of the field vector is the average of the density response to the corresponding potential and vice-versa that the density response to a perturbation can be expanded in basis of functions whose coefficients depend linearly on the field response at each point.
It should also be noted that Q(r, r ′ ) is related to the structure factor probed by electron and neutron scattering experiments. [14, 32] Because each of those experiments probes a single type of density (electric or atomic), each provides one linear constraint on the Fourier transform, e −ik·(r−r ′ ) Q(r, r ′ )drdr ′ for each measured wavevector, k.
Useful Basis Expansions
Any of the relations in Eq. 18, 19, or 21 could be used to derive a choice for the basis expansion to be used in a numerical or theoretical perturbation theory. However, it is usually unnecessary to start from the eigendecomposition of identity in Eq. 18. Instead, most kernels are derived physically by decomposing the interaction energy expression using Eq. 16. This leads to a set of 'important' moments, f , which are the first few terms of an expansion of the interaction energy. Next, these moments are used to find appropriate kernels, δ, by writing ρ in the form of Eq. 22.
The obvious basis for a dipole is,
where q ∈ SO(3) is treated as a quaternion to rotate the dipole moment, µ(s), of the molecule in a reference orientation with internal coordinates, s. In this basis, it is possible to express both electrostatic and isotropic interactions up to dipolar order. It has been investigated extensively for rigid molecules (where µ is a fixed axis). [24] We show here that a systematic approach for other situations can be based on finding a quadrature rule for Eq. 18, where δ is the reproducing kernel for a class of functions on 'important' or 'coarse-grained' sub-spaces of SO(3) × S. In that case, all integrals over the coarse-grained space including Eq. 16 and Eq. 6 can be written as sums over quadrature points, ξ i ∈ SO(3) × S, and we only ever need to know the values of the densities, ρ, and interaction energies, Φ, at those points.
Specifically, assume we are given an M -dimensional Hilbert space of functions on SO(3) × S with reproducing kernel δ(q, s; q ′ , s ′ ) and an M -point quadrature rule for the space. That quadrature rule should have weights w i at points ξ i = (q i , s i ) for which,
In this case, choose
so Eq. 18 is automatically satisfied. The next two equations (21 and 19) identify φ n (r) and f n as weighted sums of the external potential Φ(r, ξ i ) and the density operator,ρ(r, ξ i ), respectively, evaluated at those quadrature points. This idea leads to a physically useful basis for full multipolar moment expansion up to order T = √ M − 1 using the equivalent point charge representation, [36] 
where ξ i ∈ S 2 are Lebedev or other useful [1] quadrature points on the unit sphere, S 2 , for polynomials up to order T and K is the reproducing kernel defined in Ref. [36] , taking a position vector in the laboratory frame qyq ∈ R 3 , and charge distribution, dρ chg (y; s) in a reference frame, to find an equivalent point charge, f pc i , at point ξ i , fixed in the laboratory frame.
We note here that for T = 1, the reproducing kernel is K(x, y) = (1 + 3x · y). It can be integrated with four quadrature points at the vertices of a tetrahedron inscribed in a unit sphere. These are related to the choice of basis in Eq. 36 by the matrix,
The resulting moments describe the effective point charge placed at each vertex. The first column distributes the total charge evenly among the four points. The last three are row-vectors of the vertex locations. It can be checked that they sum to zero since a dipole should not contribute to the total charge. For rigid molecules, it may make sense to choose instead
where q i are the 12 Hurwitz quaternions [26] (modulo an overall sign, which express two rotations to each of the vertices of an octahedron) and
is the reproducing kernel for the set of polynomial functions on the unit quaternions with degree less than 6. The scalar product between quaternions is,
and U j is the j th order Chebyshev polynomial of the second kind,
The reproducing property of Eq. 42 is a consequence of the zonal expansion [9] and the Funk-Hecke formula. For working with Eq. 43, it is helpful to have the geometric identities,
for any normalized quaternion c (i.e. cc = 1). These express invariance of K to the choice of laboratory orientation frame. The dipole representation has only recently been investigated in the literature in the case of rigid molecules. Our generalizations to multipolar distributions with flexible molecules and over the quaternion algebra have not been investigated before for density functional theories. These have the potential to offer order of magnitude computational savings over straightforward tensor products of angular grids. [16] 
Translational Basis
By writing most of our results as functions of r, r ′ we have been able to avoid the question of a translational basis. However, extension of the matrix formulation to H trs is indispensable for numerical work. The simplest translational basis to implement is the 3D Fourier basis on a regularly spaced grid representing a periodic cube with lattice spacing L (so
. This case (for arbitrary 3D lattices) along with a fast and accurate numerical approximation for low-wavevector modes was discussed by Essman et. al., [19] and additional results are available in Ref. [37] . It corresponds to a reproducing kernel that is 'band-limited' by truncation at a cutoff K max , so that the reproducing kernel is,
Note that this is a smooth analytic function of r and r ′ , but its use in numerical evaluations of − log Z[φ] implies the projection of pair energy functions via φ(r) = −β δ(r, r ′ )U (r ′ )dr ′ . The traditional basis for the OZ equations has been the spherical Bessel function expansion. We provide a new formula for the expansion here that resolves the long-standing, open question on how to properly treat the origin. Our answer is based on the simple analogy between the discrete Fourier transform on the torus and the Fourier-Bessel series for functions on finite intervals. The spherical Bessel function method is usually supplemented by the condition that the functions concerned (e.g. h(r)) have finite range R max , so
Adding the condition that h(r > R max ) = 0 with h continuous at R max is exactly the prerequisite for applying the Fourier-Bessel series.
Truncating the series at N max and using a spherical harmonic expansion over directions, r ∈ S 2 leads to the general expression,
where z n,l is the n th smallest root of j l (z) (not counting roots at z = 0). For real h, the coefficients obeȳ C n,l,m = C n,l,−m so that each n, l has only 2l + 1 associated parameters. The normalization of the spherical harmonics is S 2 drȲ 
On shells where R|k| = z n ′ ,l , this reduces to zero if n = n ′ or (for n = n ′ )
Each of the h n,l,m are mutually orthogonal, with normalization
The l = 0 case makes use of j −1 (z) = cos(z)/z. The associated reproducing kernel is therefore
Note that although the spherical Bessel function basis makes physical sense for smooth radial functions with limited range, it is not closed under convolution or multiplication of functions. Nevertheless, Eq. 49 shows that the coefficients can be visualized as momentum shells, and so convolution of h and h ′ can be projected back to the Hilbert space (Eq. 47) by computing the values ofh n,m,lh ′ n ′ ,m ′ ,l ′ on those shells using Eq. 48 (which has the same form as the 'SB' reproducing kernel in Fourier space).
Transformation of OZ and DFT
This section derives the well-known connection between correlation functions and effective Green's functions for field theories. The statement leads to both an OZ equation defined directly in matrix space and a corresponding DFT.
The Legendre transform pair for log Z[φ] is, [18] 
The notation S emphasizes that density functionals are generalized entropies. Because of the exponential function in Eq. 1, log Z is convex and lower-semicontinuous, while S is concave and upper-semicontinuous. The second equality holds at least when φ is bounded. [12] In this paper, the spaces of φ and F are both H trs ⊗ H conf . The functional derivatives of log Z and S are well-defined in the finite-basis case, but require some technical proofs of convergence with basis size.
OZ Equation
Eq. 33 is related to the second derivative of S by the thermodynamic conjugate relationship,
The inverse indicated above is the inverse under convolution in the operator algebra on H trs ⊗ H conf , where Iδ(r, r ′ ) = Q * Q −1 . So we see that Q −1 is the effective Green's function for the field theory. In particular, the inverse of the correlation function is the effective interaction energy in the Gaussian approximation for the probability of a given field configuration, F ,
However, δ(r, r ′ ) is not necessarily diagonal in translation or conformation space. Hence,
′ ) in general, and we can only write ρ 2 (x, x ′ ) ∼ δ(x, x ′ )ρ(x) in the limit of an infinite basis size.
To avoid assuming the limit, use the definitions in Eq. 33 to find that the equation Q −1 * Q = Iδ is solved by a pair of operators, R −1 and C, that satisfy,
Note that Q, H, and R are all operators on H trs ⊗ H conf . Thus, their inverses are formally defined while their existence depends on whether R is invertible. Since R is a 1-particle quantity, its is invertible iff. every function in the Hilbert space has a nonzero overlap with ρ(x).
Comparing to the OZ equation shows finally that since R, Q were defined as moments (as in Eq. 19), then R −1 and C are energy-type functions, whose translation to ρ
and c follows Eq. 25. We note again that the convolution, R * H * R, rather than direct multiplication, is required to maintain consistency with the use of the total correlation function, h, in the OZ equation because δ(r, r ′ )f (r ′ ) = f (r)δ(r, r ′ ) for finite H trs .
Density Functional
The density functional minimization procedure to determine βµ ex [φ] is given in Eq. 53. It often makes use of a more explicit form for S[F ] derived from integrating Eq. 54 along the path
and making an assumption for the path-dependence of
λ . The functional derived in this section therefore assumes at least that S[F λ ] is an analytic function of λ along this path. The assumption is valid when the path does not cross a phase transition.
The integral from F 0 (where the entropy of solvation is S[F 0 ] = 0) is,
which uses the inner product from Eq. 7. Inserting Eq. 57 decomposes this into ideal and excess parts,
Subscripts indicate the value of λ at which each variable is evaluated. Note that Eq. 61 requires a further assumption to compute the 1-particle correlations, R from the local field, F . The linear assumption is indicated by the label 'lin' above, and is removed in Eq. 64.
The ideal term presents a conceptual difficulty in the basis-set expansion, since Eq. 22 describes a projected density corresponding to a given average F (r). That projected density does not match the (known) maximum entropy form expected for an ideal gas using a finite basis for H conf . Nevertheless, assuming
is a linear function of λ, its inverse can be integrated to find S id . Eq. 61 is derived from the spectral theory of matrices using the integral 1 0 Table 1 Rotational Invariant Basis Functions. The inter-molecular distance is r = |r|r, where the arrow denotes a unit vector. The molecule at the origin is directed along z, and the molecule at r is oriented in the µ direction. The first three columns label Blum's triple-expansion in spherical harmonics, while the last two columns give the Fourier transform according to Eq. 65. With these definitions, Fourier transformation replaces r with k in Φ T .
The result has a removable singularity at zero. When an eigenvalue, t, of M approaches zero, the associated projection in S id can still be found from its series expansion, n=0 (−1) n t n /(n + 1)(n + 2). As noted in Ref. [34] , it makes sense to treat the single-molecule term specially. In particular, in the limit where the basis exactly describes the density function, the single-molecule term must go to,
This entropy is exactly known when the 1-particle density function, ρ(x) is also known, but is incompletely determined by only the spatial, 1-particle moments, F (r).
Maximizing the entropy given a few known moments of a distribution is a traditional problem in statistical mechanics. Assume f has been chosen so that F (r) is sufficient to determine the particle number density, n(r), then solve the maximum entropy problem over the remaining, internal, coordinates to find the conditional probability, P (q, s|r) in ρ(x) = n(r)P (q, s|r). Applying this procedure to Eq. 63 shows that,
In the last equation, we choose dµ 1 (q, s) to be a probability distribution over single-molecule conformations in an ideal gas (a canonical, 1-molecule ensemble as V → ∞). That single-molecule ensemble has average F (r)/n(r) = P (q, s|r)f (q, s)dqds. The limits should be equal because as the basis size grows, F λ completely determines ρ λ (x) at each λ. The result will be the only solution of the maximum entropy distribution,
Aside from the constant offset contributed by S conf (F 0 (r)), this is an upper bound to the actual entropy that converges to S id in the limit.
Application to the Dipolar Fluid
In this section, we compare our results with the traditional expansion of the OZ equation into rotational invariants. The rotational invariant basis functions [8] are given in Table 1 . Each row of the table also lists the angular integral part of its 3D Fourier transform in the form,
The notation r denotes a unit vector on S 2 , the surface of a sphere in 3D.
Using the choice of f dip from Eq. 36,
where r is a unit vector in the direction r, m is the magnitude of the molecular dipole, and H(r, r ′ ) = H(r−r ′ ) and C(r, r ′ ) = C(r − r ′ ) are translationally invariant. Note that taking the integral of Eq. 26 multiplies the inner matrix of Eq. 66 by the diagonal factor, B = diag(1, m 2 /3, m 2 /3, m 2 /3), on both sides. This matches the self-correlation function in a uniform system (R(r, r ′ ) = n V δ(r, r ′ )B), leaving H as the inner matrix in Eq. 66. The complementary function to f is u = f B −1 . If we define the Fourier-Bessel transforms according to Eq. 65,
then the Fourier transforms of Eqns. 66-67 are the same, replacing r with k, and each h T withh T (and c T withc T ). There is an essential symmetry here that interchanging source and destination molecules (the star operation of Eq. 28) leads to the same interaction energy. Because of this, the Fourier transform,C, is Hermitian.
It can be noticed immediately that the lower-right block decomposes into a component,c
These two components are scaled versions of c + and c − in Wertheim's original solution of the MSA for the dipolar fluid. [43] The matrix notation of Eq. 56 has thus lead us directly to the three decoupled OZ equations given in that work (when c p = 0). The particular choice of scale used there was,
That scale was chosen to make the coefficient of h D be 1/3K ′ , so that h + (0) = h − (0) = −1. We can summarize Wertheim's process of finding these boundary conditions by noting that he found a general relation between spherical Bessel transforms of orders 2 and 0,
Eq. 72 can be verified by substituting for f , interchanging the integrals and integrating by parts. The last parts of Eqns. 72 and 73 use SBT n as shorthand for the spherical Bessel transform of order n using J T from Table 1 . Thus,
and h + (r) = −1 for r within the excluded volume region, since h D (r) = h ∆ (r) = 0 there.
The corresponding MOZ equations (56) read
They differ from Wertheim's result because here c should scale as β/4πǫ 0 r 3 , rather than βm 2 /4πǫ 0 r 3 .
Casimir Energy for Polarizable Point Dipoles
Adapting the last section to the case of a gas of polarizable point dipoles only requires using f = [1, p] T (where p is now the 3-dimensional point-dipole vector on each atom) and specifying the default distribution over p. For the latter, we assume the Gaussian measure
associated with polarizability α = βσ 2 . The integral B = f f † ds = diag(1, σ 2 , σ 2 , σ 2 ) differs, while the rest of the analysis remains unchanged. In particular, the definition of h ± and c ± should be the same as Eqns. 69 and 70, since the numerical factors are associated with the Fourier transform over r.
However, the appearance of R in Eq. 56 now requires,
where ρ 0 = n /V , with the same boundary conditions on h and c. Assuming the hypernetted chain closure (C = C), the solvation free energy functional contains isotropic and vector parts,
The matrix C P is the lower-right 3×3 sub-block of Eq. 67. This form is particularly suitable for computational investigations of implicit solvent. The F n term describes normal excluded volume interactions between the solute and solvent. The other contribution to the solvation free energy arises from electrostatic fluctuations, and describes a dispersion energy. The inner minimization in Eq. 80 has the solution,
The solvation free energy of a polarizable point dipole is the exponential average of the solvation free energies of each of its possible configurational states (Eq. 15). We would like to use a dipole-dipole interaction energy, φ p (r) = ∂ r p · ∂ r β 4πǫ0|r| , and integrate Z[φ I , φ p ′ ] over all possible solute polarizations, p ′ using the 1-molecule distribution from Eq. 77. However, n(r) technically depends on the solute's polarization. Ignoring this dependence and using Z instead of Z N (which ignores surface effects [4] ) yields an estimate of the solvation free energy for a polarizable dipole,
This latter expression provides a new route to calculate the classical dispersion energy of solvation. Expanding the Green's function,
gives a Hamaker integral and a correlation correction as its first few terms.
Discussion
Molecular density functional theory has become a standard technique in the statistical mechanics of fluids, but is not quite as popular as as electronic density functional theory or the Poisson-Boltzmann (or DebyeHückel theory) for electrolytes. Part of this difficulty is due to a smaller body of literature which does not focus on basis set expansions. Our approach here follows a canonical route [5] by developing the theory through the particle insertion expressions (Eqns. 1-4). It contributes a careful discussion of the role of basis functions as decomposing a resolution of identity, δ(x, x ′ ). It also includes a sketch of free energy convergence issues that are critical for numerical work. [28, 25, 23] Our presentation of the spherical Bessel translational basis expansions contrasts with standard discussions of fast, grid-based spherical Bessel transformations. [39, 40] Both provide a Fourier transform method for computing convolutions of range-limited functions and require projection of the result. However, grid-based methods use error analysis based on Riemann summation, and leave some ambiguity on the proper treatment of the origin. [39] Using a space of analytical functions identifies three independent sources of error which are understood in the sense of projections -approximating the original functions, and then projecting the result of each multiplication and convolution. It also has the advantage of strong results on numerical integrals. [20] Despite these advantages, the basis of spherical Bessel functions has the same Gibbs' phenomenon issue as the Fourier transform -making it poorly approximate step functions. [13, 25] Treating hard sphere solvation likely requires re-considering grid-based methods, for example using a Haar basis of piecewise constant radial functions.
The operator algebra of 2-point correlation functions developed from Eq. 23 through Eq. 30 is a central idea of this work. It enables compact expressions like the applications in Sec. 6, and hides the complexities of new conformational information that can be encoded in the basis (Sec. 4). We can go even further to write the density functional of Sec. 5 into a complete minimization problem for a multi-component mixture by adding a species index, α ∈ {1, 2, . . . , ν} to the Hilbert space, H = (α : {1, . . . , ν})⊗ H trs ⊗ H conf α , (ν is the number of chemical components). Then the density response at x for molecules of type α on inserting a molecule of type γ at y is ρ (γ,y) (α, x) = ρ 0 (α, x)(h(α, x; γ, y) + 1). It has moments F (γ,y) (α, r) = f α (q, s)ρ (γ,y) (α, x) dqds. Making these substitutions shows the response function can be replaced by the total correlation function,
All minimization problems at once are then expressed by integrating Eq. 53 with weight ρ 0 (γ, y), 
where Q ≡ R 0 * H * R 0 + F 0 F † 0 . This expression is not as computationally expensive as it appears, since the trace of a pairwise operator over translational and rotational space reduces by symmetry to an evaluation at the origin (with identity rotation). It also enables enforcing the positivity requirement for the spectrum of Q. By casting Eq. 87 in the form required for robust numerical convex optimization methods, [10, 41] we have created a new path for addressing the thermodynamic stability question in OZ solvers.
Eq. 57 shows that there is no difficulty in principle with numerically computing c at small wave vectors by inverting Q sampled during molecular dynamics simulations. Previous observations had suggested that a fitting procedure was necessary because of excluded volume effects. Standard estimates for the estimation error in the variance-covariance matrix, Q, show that the error for Q −1 (and hence C) is largest for 'stiff' modes. Statistical mechanical systems become uncorrelated away from critical points, so low wave vectors should have ideal gas-like fluctuations. Large wave vectors, on the other hand, are energetically unfavorable and will have larger uncertainties. Additionally, a finite Fourier-basis will lead to band-limiting. In real space, this translates to correct long-range features of c(r) with increasing error around the origin and possible high-frequency oscillation.
Conclusions
It is clear that this approach can be usefully applied to new problems in analytical and numerical solvation thermodynamics. The concise derivations of Sec. 6 were enabled by translating the OZ equation to moment space. Within this framework, we immediately have Eq. 59 as an approximate expression for the density functional. Extending these results to alternative closures other than the mean spherical approximation is also simplified in the matrix formulation.
The translation to moment space also simplifies analytical and numerical investigations involving specialized forms of interaction energy. Using Eq. 57, direct correlation functions for higher-order multipolar interactions can be now computed straightforwardly from correlations (Eq. 33) calculated in molecular dynamics simulations. Several recent results (and computational implementations) [37] have tackled this inverse problem for dipolar solvents. [24] The present work shows that further results of this type can be made unambiguous by exactly specifying which basis was used for H trs and f (q, s). The complete theory above applies to any such basis. Section 4 contains a novel presentation of several possible basis expansions using the framework of reproducing kernel Hilbert spaces. This new perspective treats inter-and intra-molecular degrees of freedom in a holistic way. It also provides analytical functional forms that can be smoothly extrapolated to the origin (important for determining macroscopic fluid properties) and are suitable for investigating convergence of approximations.
The formulation of the excess chemical potential using Eq. 15 goes beyond rigid molecule DFT by including intramolecular degrees of freedom on the same footing as molecular orientation. This points out interesting new questions for analysis on the convergence of the test particle insertion method, Eq. 15. In particular, the convergence of Eq. 15 is analogous to the problem of convergence in mean studied in the theory of Orlicz spaces.
